Using the fixed point method and using the direct method, we prove the Hyers-Ulam stability of an orthogonally additive-quadratic functional equation in orthogonality spaces.
Introduction and Preliminaries
Assume that X is a real inner product space and f : X ℝ is a solution of the orthogonally Pinsker [1] characterized orthogonally additive functionals on an inner product space when the orthogonality is the ordinary one in such spaces. Sundaresan [2] generalized this result to arbitrary Banach spaces equipped with the Birkhoff-James orthogonality. The orthogonally Cauchy functional equation
in which ⊥ is an abstract orthogonality relation, was first investigated by Gudder and Strawther [3] . They defined ⊥ by a system consisting of five axioms and described the general semi-continuous real-valued solution of conditional Cauchy functional equation. In 1985, Rätz [4] introduced a new definition of orthogonality by using more restrictive axioms than of Gudder and Strawther. Moreover, he investigated the structure of orthogonally additive mappings. Rätz and Szabó [5] investigated the problem in a rather more general framework.
Let us recall the orthogonality in the sense of Rätz; cf. [4] . Suppose X is a real vector space (algebraic module) with dim X ≥ 2 and ⊥ is a binary relation on X with the following properties:
(O 1 ) totality of ⊥ for zero: x ⊥ 0, 0 ⊥ x for all x X; (O 2 ) independence: if x, y X -{0}, x ⊥ y, then x, y are linearly independent; (O 3 ) homogeneity: if x, y X, x ⊥ y, then ax ⊥ by for all a, b ℝ;
was first investigated by Vajzović [29] when X is a Hilbert space, Y is the scalar field, f is continuous and ⊥ means the Hilbert space orthogonality. Later, Drljević [30] , Fochi [31] , Moslehian [32, 33] , Szabó [34] , Moslehian and Th.M. Rassias [35] and Paganoni and Rätz [36] We recall a fundamental result in fixed point theory. Theorem 1.1. [37, 38] Let (X, m) be a complete generalized metric space and let J : X X be a strictly contractive mapping with Lipschitz constant a < 1. Then, for each given element x X, either
for all nonnegative integers n or there exists a positive integer n 0 such that
(2) the sequence {J n x} converges to a fixed point y* of J; In 1996, Isac and Th.M. Rassias [39] were the first to provide applications of stability theory of functional equations for the proof of new fixed point theorems with applications. By using fixed point methods, the stability problems of several functional equations have been extensively investigated by a number of authors (see [40] [41] [42] [43] [44] [45] [46] ). This paper is organized as follows: In Section 2, we prove the Hyers-Ulam stability of the following orthogonally additive-quadratic functional equation
in orthogonality spaces by using the fixed point method. In Section 3, we prove the Hyers-Ulam stability of the orthogonally additive-quadratic functional equation (1.1) in orthogonality spaces by using the direct method.
Throughout this paper, assume that (X, ⊥) is an orthogonality space and that (Y, ||.|| Y ) is a real Banach space.
Hyers-Ulam Stability of the Orthogonally Additive-Quadratic Functional Equation (1.1): Fixed Point Method
For a given mapping f : X Y, we define
for all x, y X with x ⊥ y, where ⊥ is the orthogonality in the sense of Rätz.
Let f : X Y be an even mapping satisfying f(0) = 0 and (1.1). Then, f is a quadratic mapping, i.e., 2f
Using the fixed point method and applying some ideas from [18, 21] , we prove the Hyers-Ulam stability of the additive-quadratic functional equation Df(x, y = 0) in orthogonality spaces.
Theorem 2.1. Let : X 2 [0, ∞) be a function such that there exists an a < 1 with
for all x, y X with x ⊥ Y. Let f : X Y be an even mapping satisfying f(0) = 0 and
for all x, y X with x ⊥ y. Then, there exists a unique orthogonally quadratic mapping Q : X Y such that
for all x X. Proof. Letting y = 0 in (2.2), we get
for all x X, since x ⊥ 0. Thus
for all x X. Consider the set S := {h : X → Y} and introduce the generalized metric on S:
where, as usual, inf j = +∞. It is easy to show that (S, m) is complete (see [[47] , Lemma 2.1]). Now we consider the linear mapping J : S S such that
for all x X. Let g, h S be given such that m(g, h) = ε. Then,
for all x X. Hence
for all x X. So m(g, h) = ε implies that m(Jg, Jh) ≤ aε. This means that
for all g, h S. It follows from (2.5) that m(f, Jf ) ≤ a. By Theorem 1.1, there exists a mapping Q : X Y satisfying the following: (1) Q is a fixed point of J, i.e.,
for all x X. The mapping Q is a unique fixed point of J in the set
This implies that Q is a unique mapping satisfying (2.6) such that there exists a μ (0, ∞) satisfying
for all x X; (2) m(J n f, Q) 0 as n ∞. This implies the equality
for all x X;
This implies that the inequality (2.3) holds. It follows from (2.1) and (2.2) that
for all x, y X with x ⊥ y. So DQ(x, y) = 0 for all x, y X with x ⊥ y. Hence Q : X Y is an orthogonally quadratic mapping, as desired. □ Corollary 2.2. Assume that (X, ⊥) is an orthogonality normed space. Let θ be a positive real number and p a real number with 0 <p < 2. Let f : X Y be an even mapping satisfying f(0) = 0 and
Proof. Taking (x, y) = θ(||x|| p + ||y|| p ) for all x, y X with x ⊥ y and choosing a = for all x, y X with x ⊥ y. Let f : X Y be an even mapping satisfying f(0) = 0 and (2.2). Then, there exists a unique orthogonally quadratic mapping Q : X Y such that
for all x X. Proof. Let (S, m) be the generalized metric space defined in the proof of Theorem 2.1. Now we consider the linear mapping J : S S such that
for all x X. It follows from (2.4) that m(f, Jf) ≤ 1. The rest of the proof is similar to the proof of Theorem 2.1. □ Corollary 2.4. Assume that (X, ⊥) is an orthogonality normed space. Let θ be a positive real number and p a real number with p > 2. Let f : X Y be an even mapping satisfying f(0) = 0 and (2.7). Then, there exists a unique orthogonally quadratic mapping Q : X Y such that
Proof. Taking (x, y) = θ(||x|| p + ||y|| p ) for all x, y X with x ⊥ y and choosing a = 
for all x, y X with x ⊥ y. Let f : X Y be an odd mapping satisfying (2.2). Then, there exists a unique orthogonally additive mapping A : X Y such that
for all x X, since x ⊥ 0. Thus,
for all x X. Let (S, m) be the generalized metric space defined in the proof of Theorem 2.1. Now we consider the linear mapping J : S S such that
for all x X. It follows from (2.9) that m(f , Jf ) ≤ α 2 . The rest of the proof is similar to the proof of Theorem 2.1. □ Corollary 2.6. Assume that (X, ⊥) is an orthogonality normed space. Let θ be a positive real number and p a real number with 0 <p < 1. Let f : X Y be an odd mapping satisfying (2.7). Then, there exists a unique orthogonally additive mapping A : X Y such that
for all x X.
The rest of the proof is similar to the proof of Theorem 2.1. □ Corollary 2.8. Assume that (X, ⊥) is an orthogonality normed space. Let θ be a positive real number and p a real number with p > 1. Let f : X Y be an odd mapping satisfying (2.7). Then, there exists a unique orthogonally additive mapping A : X Y such that
for all x X. Proof. Taking (x, y) = θ(||x|| p + ||y|| p ) for all x, y X with x ⊥ y and choosing a = 
